Abstract. Let A be the coordinate ring of a projective smooth curve over a finite field minus a closed point. For a nontrivial ideal I ⊂ A, Drinfeld defined the notion of structure of level I on a Drinfeld module.
1. Introduction 1.1. Main theorem and applications. We first recall the usual setup for Drinfeld modules. Let C be a smooth projective geometrically irreducible curve over the finite field F q of q elements. Let F denote the function field of C. Fix a closed point ∞ of C. Let A = Γ(C \ {∞}, O C ) be the coordinate ring of the affine F q -scheme C \ {∞}.
In this article, we define structure of level N on a Drinfeld module, generalizing the structure of level I of Drinfeld (also known as the full level I structure). This may also be regarded as a generalization of the Γ 1 -structure.
Let us denote by M Note that the automorophism group Aut A (N ) of N as an A-module acts on N , hence on the set of level structures, and thereby on the moduli space. We define admissible subgroups of Aut A (N ) and denote by S N the set of admissible subgroups. Our main theorem in a rough form is as follows. See Theorem 6.1.1 for more general statement. Theorem 1.1.1. Let N be a torsion A-module, generated by at most d elements. Let N = N 1 ⊕ N 2 be a direct sum decomposition such that N 1 = 0, N 2 = 0, and Supp N 1 ∩ Supp N 2 = ∅. Let H ∈ S N1 be an admissible subgroup, regarded as a subgroup of Aut A (N ). Then, the quotient M d N /H is regular.
Recall that moduli of elliptic curves with Γ 0 or Γ 1 structures, usually denoted Y 0 (N ) or Y 1 (N ) for some integer N , are quotients of the full level moduli Y (N ) by certain groups defined in terms of congruences modulo N . Our admissible subgroups include function field analogue of such groups.
The quotients of interest to us are those appearing in the definition of Hecke correspondences. Let Y f ← − X g − → Y be a diagram of schemes where Y is smooth over a base field and f is a finite surjective morphism. Recall that this gives rise to a finite correspondence (see [9, p.3] for finite correspondence). A typical example of a Hecke correspondence is the finite correspondence corresponding to the diagram above where X is a quotient by some parabolic subgroup of a full level moduli and Y is a full level moduli. (See [8, p. 14] for Hecke correspondences in general over F ; see Section 6.3 for examples.) A finite correspondence acts on higher Chow groups [9, p.142, Thm 17 .21] and the action corresponding to a Hecke correspondence is called Hecke operator.
Our theorem may make the computation of the Hecke operator easier in the following sense. Our regularity theorem implies that X is regular (smooth over the base field) and the maps f, g are finite flat. In this case, the action of the finite correspondence is given by the composition of the pullback by g and the pushforward by f . In our future paper, we use this decomposition to compute Hecke actions on motivic cohomology groups.
In our future paper, we will construct certain elements in the higher Chow groups of Drinfeld modular schemes over A, extending, in a sense, our elements [7] in rational algebraic K-theory of Drinfeld modular schemes away from level. We show that they are (again) norm compatible (we say that they form an Euler system), that is, we express the pushforward of the elements in terms of Hecke actions relating to local L-factors.
1.2.
Outline of proof. An outline of proof of regularity of quotients of moduli of elliptic curves is given by Katz and Mazur in [6, Thm 7.5.1, p.201]. We follow their outline except that we need one additional ingredient, namely, Dickson's theorem [3] from modular invariant theory.
Let us briefly recall the outline. To prove the regularity of the quotient, one first proves the regularity at the points away from the level. The regularity in this case is the consequence of the fact that the quotient map becomesétale. Now, to prove the regularity at a point y on the bad fiber, we look at the point x lying above y. To the point x, there corresponds a Drinfeld module (with level N structure), and in turn a formal O-module. It happens that the regularity at y depends only on the height of the formal O-module. Since the singular locus is closed, and there are points of arbitrary height near the (most) supersingular point (we prove its existence in Section 7), we are reduced to the case where the formal O-module has maximal height.
To show the regularity of the ring of invariants in the supersingular case, the two tools we use are Proposition 7.5.2 of [6] (Proposition 8.9.2 below) and Dickson's theorem (Theorem 8.11.1).
Note that a typical type of groups encountered by Katz and Mazur are subgroups of GL 2 (Z/N Z) for some integer N , and the essential ones are those contained in some Borel subgroup. In this case, successive application of their Proposition 7.5.2 proves the regularity of the quotient. A typical type in our case is a parabolic subgroup of GL d (A/I) for some ideal I with d ≥ 2. In this case, using Proposition 7.5.2 successively, we are reduced to the computation of invariants by the Levi subgroups, each of which is GL d ′ (κ) for some finite field κ and some positive integer d
′ . This last case is the subject of modular invariant theory, where Dickson's theorem is the most basic theorem. Although we used Dickson's theorem only, one can obtain some more groups the quotient by which is regular, using more theorems from modular invariant theory.
1.3.
Organization. The paper is organized as follows. We start with Section 2 on formal O-modules, much like in the original paper [4] by Drinfeld. We introduce structure of level N for formal O-modules and construct the universal deformation explicitly. This will be useful in the proof of theorem. The following Section 3 is on divisible O-modules with structure of level N . In Section 4, we define Drinfeld modules with structure of level N and show, using the results of Sections 2 and 3, that the moduli is regular. In Section 5, we define a set of subgroups of Aut A (N ), which we call admissible. The definition is formulated so that the proof of our theorem can be given using the tools (Proposition 8.9.2 and Dickson's theorem). We give some examples. In Section 6, we give a statement of our main theorem (Theorem 6.1.1) and its applications. Hecke operators are discussed in this section. In Section 7, we prove the existence of a supersingular point on the moduli. This is logically independent of other sections. Section 8 is devoted to the proof of our main result.
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denote the functor that associates R ∈ C with the set of isomorphism classes of deformations over R of (G, g).
2.2.
Universal deformation space of formal O-modules over κ(℘). The following is due to Lubin-Tate and Drinfeld, and the details are given in [5] .
] of formal power series as follows. As a formal group,
is given by the power series f a (X) = aX, and the action of π is given by the power series
Proof. This is [5, p.45, Prop.12.10]. This statement follows essentially from the proof of the full level case treated in [4] . As we want to use the description of the ring D N , we give some details below.
Universal deformation space of formal
O-module over κ(℘) of level N . We need the description of the universal deformation ring D N of F d ⊗ κ(℘) κ(℘) of level N . Set D 0 = O[[t 1 , . . . , t d−1 ]] by abuse of notation.
Proof. It suffices to treat the case
We construct the rings D N by induction on the exponent (i.e., the n r ) of N .
Suppose the exponent is 1. Then N = (A/℘) r for some 1 ≤ r ≤ d. In this case, the claim holds true with D N = L r of [4, p.572, Lemma] .
Suppose the claim holds true for k < n r . Write
By inductive hypothesis, D N ′ is representable, and a system of local parameters is given by the images of e 1 , . . . , e s , e s+1 , . . . , e r via the universal level structure and t r , . . . , t d−1 . Now, set
where ψ is the universal level structure of level N ′ . Then, the claim holds true.
3. Divisible O-modules with structure of level N Let R ∈ C. We refer to [4, p.574
j where K is the field of fractions of O. Let h denote the height (assumed to be finite) of the reduction of F loc .
such that (1) There is a submodule N 1 ⊂ N the restriction of φ to which is a structure of level N 1 on the formal O-module F loc , and (2) The induced map N/N 1 → F/F loc is an injection.
Let (G, g) be a divisible O-module over κ(℘) with structure of level N such that G loc has height h and G/G loc ∼ = (K/O) j . The deformation of (G, g) is defined.
Proposition 3.0.2. The functor that sends R ∈ C to the set of deformations of level N of the divisible module (G, g) over R is represented by the ring
where N 1 is the submodule that appears in the level N structure of (G, g).
Proof. The proof is almost identical to that of [4, Prop.4.5, p.574], hence omitted.
4. Regularity of moduli of level N 4.1. Let S be an A-scheme. Let E → S be a Drinfeld module over S. Let N be a torsion A-module.
Definition 4.1.1. A structure of level N on E is a homomorphism of A-modules ψ : N → Hom S-schemes (S, E) such that, for any element a ∈ A, the Cartier divisor 
Admissible subgroups
The goal of this section is to define the set S N of subgroups of Aut A (N ), which we call admissible.
5.1. Let N be a finitely generated torsion A-module, generated by at most d elements. Let N = ℘∈Spec A,℘ =(0) N ℘ be the primary decomposition of N . We will define a set S N℘ of subgroups of Aut A (N ℘ ) (automorphisms as A-module) for each ℘. Set S N = ℘∈Spec A,℘ =(0) S N℘ . This S N is regarded as a set of subgroups of Aut A (N ) in a natural manner.
From here on, we fix a nonzero prime ideal ℘ of A and assume that N is a ℘-primary torsion A-module generated by at most d elements.
5.2.
Let us take an isomorphism
We use the following description of Hom A (N, N ) using matrices:
We have canonically Hom A (A i , A j ) = ℘ ni,j /℘ nj where n i,j = max{0, n j − n i }. Let m i,j ∈ Z with 0 ≤ m i,j ≤ n i,j for 1 ≤ i, j ≤ r. We set
where δ i,j is the Kronecker delta.
5.2.2.
We consider the following condition for a subgroup H ⊂ Aut A (N ):
We say H ⊂ Aut A (N ) is an admissible subgroup if Condition (*1) is satisfied for some direct sum decomposition N = A 1 ⊕· · ·⊕A r where 1
where
where the arrow is the canonical map. Then K is identified with the set of invertible r × r matrices B with coefficients in A/℘ such that for any integers i, j with 1 ≤ i, j ≤ r, the (i, j)-th entry of B − 1 r is equal to zero when m i,j = n j − n i . Let S denote the set of pairs (i, j) of integers with 1 ≤ i, j ≤ r satisfying m i,j = n j − n i . Using that K is a group, one can check that S satisfies the following property:
It is easy to see that ∼ gives an equivalence relation on the set {1, . . . , r}. For i ∈ {1, . . . , r}, the equivalence class of i will be denoted by i. As is easily seen, this equivalence relation has the following property, which we will use later: if i ∈ {1, . . . , r} satisfies (i, i) ∈ S, then i is the singleton {i}. Let us consider the quotient set {1, . . . , r}/ ∼ under this equivalence relation. For i, j ∈ {1, . . . , r}, we write i ≤ j if i = j or (i, j) ∈ S. This gives a partial order on the set {1, . . . , r}/ ∼. Let us choose a total order on {1, . . . , r}/ ∼ extending this partial order and write {1, . . . , r}/ ∼ = {R 1 , . . . , R u }, R 1 < . . . < R u . For s = 1, . . . , u, let d s denote the cardinality of R s . By permuting the set {1, . . . , r} if necessary, we may and will assume that for s = 1, . . . , u, R s is equal to the set of integers i satisfying
Then K has the following property:
and regard them as quotients of P F• . Let R denote the set of integers s ∈ {1, . . . , u} such that any i, j ∈ R s satisfies (i, j) ∈ S. Then K satisfies the following property: (a d,1 , . . . , a d,d ) ≡ (0, . . . , 0, 1) mod I) .
Then Γ 0 and Γ 1 belong to S N .
Examples: Parabolic subgroups. Let
There is an associated parabolic subgroup
Main Theorem and its application
Let us state our main theorem and corollaries in this section. The proof will be given in Section 8.
6.1. 6.2.1. Suppose we are given a surjective morphism of A-modules f : N 1 → N 2 . Then, sending a Drinfeld module over S with structure of level N 1 (E → S, ψ : N → Hom(S, E)) to that with level N 2 (E/ψ(N ) → S, ψ ′ : N 2 → Hom(S, E/Ker f )) where ψ ′ (n 2 ) = ψ(n 1 ) mod Ker f for any lift n 1 of n 2 , induces a morphism denoted
As the map is finite and both target and source are regular, we deduce that m f is flat using [1, V, p.95, 3.6]. A (N 1 ) be a subgroup. Suppose G is admissible, i.e., G ∈ S N1 . We let G act trivially on N 2 . Now suppose we are given a G-equivariant surjective morphism of A-modules f :
Let G ⊂ Aut
Corollary 6.2.1. The morphism h is finite and flat.
Proof. The morphism m f is finite. Now,
is noetherian and f is finite. We use the fact ([1, V, p.95, 3.6]) that a finite morphism between regular schemes of the same dimension is flat to conclude.
There is an analogous corollary for injections.
Suppose we are given a G-equivariant injective morphism of A-modules f :
The morphism h is finite and flat.
Proof. The proof is analogous to the proof of the previous corollary, hence omitted. Let
We have an injection r k : N 2 → N 1,k that regards N 2 as the direct summand for each k. We obtain, as in Corollary 6.2.2, a finite flat map denoted r k :
We have a surjection m k : N 1,k → N 2 that is the projection to the direct summand for each k. We obtain, as in Corollary 6.2.1, a finite flat map denoted
Let CH * (X, * ) denote the higher Chow group of a scheme X. It is known that finite correspondences act on higher Chow groups ([9, p.142, Thm 17.21]). Let T ℘,k denote the action of the finite correspondence corresponding to the diagram
,U is regular (smooth over F q ), the finite correspondence is the composition of two finite correspondences, namely the graph of r and the transpose of the graph of m. Thus we obtain, for each 0 ≤ k ≤ d,
, where upper star is the pullback and lower star is the pushforward.
Existence of supersingular points
In the proof of our main result, we use that there exists a supersingular point at any ℘. The aim of this section is to give a proof of that fact. Proof. Let F ∞ be the completion at ∞ of F and C ∞ be the completion of an algebraic closure of F ∞ . Using analytic method, we see that We construct a covering C ′ of C of degree d as follows. Let f ∈ F be a nonzero element such that f has a zero of order 1 at each ℘ and ∞. (The existence of such an f can be proved by, for example, using the Riemann-Roch theorem.)
Set
and let C ′ be the smooth projective curve whose function field is F ′ . Let h : C ′ → C denote the canonical map corresponding to F ⊂ F ′ . Then, by construction, h is totally ramified at ℘ and ∞. It follows that h −1 (∞) and h −1 (℘) are singletons. Let ∞ ′ and ℘ ′ denote the fibers of ∞ and ℘ respectively.
Recall that (e.g. as in [2, p.33, Rmk 2.1]) we normalize the absolute values so that |a| ∞ = |A/(a)| and |a
′ is the map induced by h.
7.3.
A rank 1 Drinfeld module for (C ′ , ∞ ′ ) and its formal module.
and let E ′ x ′ denote the corresponding Drinfeld module over κ(℘ ′ ). We write ϕ x ′ : A ′ → End A ′ −groupsch (G a,κ(℘) ) for the corresponding ring homomorphism.
The universal deformation of E
. This is isomorphic to the additive formal group with
7.4. Using the ring homomorphism ϕ x ′ , we construct a Drinfeld module (E, ϕ) for (C, ∞) as follows. Using the map h A : A → A ′ , we identify κ(℘) = κ(℘ ′ ). We define a ring homomorphism ϕ as the composite
It can be checked that this defines a Drinfeld module (E, ϕ) for (C, ∞) over κ(℘). Proof. A candidate (E, ϕ) was constructed above. It remains to show that E is supersingular. Let π = π ′d It is a uniformizer in A ur ℘ . We have
Here, the superscriptˆdenotes the associated formal module. The isogeny that has the last term as the kernel is of degree |π| 
it suffices to treat the case where N 1 is ℘-torsion for some prime ℘. 8.4. At a bad prime. We follow the outline given by [6] .
We may and will suppose that y is a κ(℘)-valued point of M d N,U . We have seen in Section 3 that to a point y, there corresponds a divisible Omodule, and hence a formal O-module. The height h of this formal O-module ranges from 1 to d. We call the point y supersingular if the height equals d. Note that in terms of f π (see Section 2.2), h is the number such that t 1 = · · · = t h−1 = 0 and t h = 0.
Note that the local structure of the H-scheme at y depends only on h, (see [4, p.576] ) hence it suffices to prove the regularity for the corresponding deformation rings.
8.5. Reduction to supersingular case. Now since a supersingular locus is closed, and since there exists a point of arbitrary height near a supersingular point, it suffices to treat the case h = d.
8.6.
Reduction to the standard case. We now consider the case where the point y is supersingular. The completion of the local ring at y is isomorphic to D N1 (see [4, p.576] ). The task is to show that the ring of H-invariants
There is an inclusion M ⊂ N induced by the inclusions ℘ −ni /A ⊂ ℘ −n /A ⊂ N where the first is the canonical one and the second is into the i-th summand for 1 ≤ i ≤ r. Let us take an A-module L, which is prime to ℘, and an open subscheme U ⊂ Spec A, so that the pair (M ⊕ L, U ) and (N ⊕ L, U ) satisfy one of the assumptions in Proposition 4.2.1.
Let us write
Lemma 8.6.1. h is an isomorphism.
Proof. One can check directly that h is an isomorphism away from ℘. Now, M d N ′ ,U /G is normal, being a quotient of an affine regular scheme by a finite group action. We also have that M d M ′ ,U is regular hence normal. As they agree away from ℘ and h is finite, being the normalizations, they agree over U .
Let us fix a nonzero prime ideal ℘ of A and let
ni be as in Section 5.2. Let us choose an integer n ≥ max i n i and an injection A i ֒→ A/℘ n of A-modules for i = 1, . . . , r. These injections give an injection
. As is easily seen, H is an admissible subgroup of Aut A (N ) with respect to the direct sum decomposition as above if and only if H is an admissible subgroup of Aut A ( N ).
From this and Lemma 8.6.1, we see that it suffices to treat the case
8.7. Some subgroups of H. We now consider the case N 1 = (A/℘ n ) d for some n ≥ 1 in more detail. We will need certain subgroups of an admissible subgroup H for proof of Theorem 6.1.1. We label them below.
To introduce subgroups of an admissible subgroup H ⊂ Aut A (N 1 ), we introduce some more notation. Let e i =1 ∈ A/℘ n ⊂ (A/℘ n ) d where the inclusion is into the i-th factor. We regard N = (A/℘ n ) d as the set of row vectors, on which Aut A (N ) = GL d (A/℘ n ) acts from the right. Let R i,j ⊂ A/℘ n be subsets for 1 ≤ i, j ≤ d. We use the notation {(R i,j )} to denote the set
where δ i,j is the Kronecker delta. Let H be an admissible subgroup with respect to the standard direct sum decomposition of N 1 . Then, by (*1), there exists (
where ℘ = ℘/℘ n is the maximal ideal of A/℘ n . Let K and L i (i = 1, . . . , u) be as in Section 5.2 and set
. . .
Note that
where the arrow is the canonical map, and J k,l = {h ∈ J k |e m h ≡ e m mod ℘ k+1 for 1 ≤ m ≤ l}.
It follows from this description that J k+1 is a normal subgroup of J k for k ≥ 0, and the quotient J k /J k+1 is abelian for k ≥ 1. Hence J k,l+1 is a normal subgroup of
i,j and regard it naturally as an A-submodule of (A/℘ n )
We take the set of representatives of Q k,l as follows. Let us choose a uniformizer π ∈ A ℘ and set Recall that D N1 is the universal deformation ring of a formal O-module with maximal height equipped with a structure of level N 1 . We regard elements of N 1 as an element of D N1 via the universal level structure. As M is an abelian group, f M (x) is an additive polynomial. Let y ∈ D N1 and g ∈ GL d (A/℘ n ). Then we have 
